Abstract. We consider two overlapping classes of fields, IAC and VAC, which are defined using valuation theory but which do not involve a distinguished valuation. Rather, each class is defined by a condition that quantifies over all possible valuations on the field. In his thesis, Hong asked whether these two classes are equal [Hon13, Question 5.6.8]. In this paper, we give an example that negatively answers Hong's question. We also explore several situations in which the equivalence holds with an additional assumption, including the case where every K ′ ≡ K is IAC.
Introduction
The model theory of fields with a single distinguished valuation is well established. Fields with several distinguished valuations have also been considered, for example in [Ers01] , [Joh16] , and [Mon17] . In this paper, we consider two overlapping classes of fields which are defined using valuation theory, but which do not involve any distinguished valuations: each class is instead defined by a condition that quantifies over all possible valuations on the field. From a model theoretic perspective, we consider both classes in the language of fields, rather than in a language of valued fields. Definition 1.1. We say that a field K is immediately algebraically closed (IAC) if, for every nontrivial valuation v on K, Kv is algebraically closed and vK is divisible. We say that a field K is valuationally algebraically closed (VAC) if, for every non-trivial valuation v on K alg , K is dense in its algebraic closure with respect to v.
These definitions are given in Hong's doctoral thesis [Hon13] , where he suggested VAC in particular may be useful as an intermediate step in proving the stable field conjecture. They were independently considered in [Kru15] , where it is shown that every superrosy field of positive characteristic is IAC.
Immediately algebraically closed fields also appear under purely algebraic assumptions. It is easy to see that every algebraically closed field is both VAC and IAC. In fact, this is also true for every separably closed field [EP05, Proposition 3.2.11] and every pseudo-algebraically closed field [FJ08, Proposition 11.5.3].
The main result of this paper is a partial answer to the following question posed by Hong:
Question 1.2. Suppose K is an IAC field. Is K also VAC?
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In Section 3, we answer this question negatively by constructing a subfield of F p (t) alg that is IAC but is not dense in its algebraic closure with respect to any extension of the degree valuation. On the other hand, Section 4 discusses three algebraic conditions on an IAC field K that imply K is VAC:
• K has positive characteristic and no proper Artin-Schreier extensions (Theorem 4.3),
• K has characteristic zero and its multiplicative group is divisible (Theorem 4.6),
• The field is real closed and archimedean (Theorem 4.8). Each of these conditions are sufficient, but we believe that they are all stronger than necessary. In the final Section 5, we show that if IAC and VAC are considered as conditions on the theory of a field, rather than a particular model, then they are in fact equivalent.
This paper is based on results from a chapter of the author's thesis [Sin18] , under the supervision of Professor Deirdre Haskell.
Basic Notions
2.1. Valuations. We assume that the reader is familiar with the basic notions of valued fields. For more detail, refer to any textbook on valued fields, such as [EP05] . Given a valuation v on a field K, we denote the value group by vK, the residue field by Kv, the valuation ring by O v , and the maximal ideal by m v .
When considering extensions of valued fields L/K, we will write v for both the valuation on L and its restriction to K. If L/K is an algebraic extension vK and vL will have the same divisible hull and Lv will be an algebraic extension of Kv. In particular, if L = K alg then vL will be the divisible hull of vK and vL will be the algebraic closure of vK.
Recall that every valuation induces a topology generated by the basic open sets
We say that a subset A is dense in a field K if for every b ∈ K and γ ∈ vK, there exists a ∈ A such that a ∈ B(b, γ), or equivalently, v(a − b) > γ. We can similarly define Cauchy and convergent sequences:
• A sequence (a α ) α<κ is Cauchy if for all γ ∈ vK there exists β < κ such that α, α ′ ≥ β implies v(a α − a α ′ ) > γ.
• A sequence (a α ) α<κ converges to an element b ∈ K if for all γ ∈ vK there exists β < κ such that α ≥ β implies v(a α − b) > γ. As with ordered fields, each valued field (K, v) has a unique minimal extension in which every Cauchy sequence is convergent; we call this field the completion of K with respect to v.
Two valuations are said to be dependent if they induce the same topology on K; one way to generate dependent valuations is through coarsenings:
There is a one-to-one order-preserving correspondence of coarsenings of a valuation with convex subgroups of the value group: Definition 2.2. A subgroup ∆ of an ordered abelian group Γ is said to be convex if for every a ∈ ∆, the interval [−a, a] = {x ∈ Γ : −a ≤ x ≤ a} is a subset of ∆. The convex subgroups of Γ are linearly ordered by inclusion, and this order type is called the rank of Γ. In particular, if Γ has no proper non-trivial convex subgroups then Γ has rank 1, and is called archimedean.
Given a valued group (K, v) and a convex subgroup ∆ ≤ vK, we can define
Clearly, O ∆ ⊇ O is a valuation ring; it uniquely defines a valuation w ∆ : K × → vK/∆, which is a coarsening of v. Conversely, given a coarsening w of a valuation v, the set
is a convex subgroup of vK. It is easy to check that this correspondence is order-preserving. One immediate and useful consequence of this correspondence is that the set of coarsenings of a valuation are linearly ordered by inclusion, just like the convex subgroups of the value group. In general, fields have infinitely many possible valuations. In certain cases, this collection of valuations has enough structure that we can still describe the complete set of valuations.
Example 2.3. Let K be the algebraic closure of F p , the finite field with p elements. Because non-trivial ordered abelian groups must be infinite, the only valuation on F p is the trivial valuation v(x) = 0 for all x. Since algebraic extensions of a valued field cannot increase the rank of the value group, the trivial valuation is also the only valuation on K.
Consider the field K(t) of rational functions over K. By Theorem 2.1.4 of [EP05] , every nontrivial valuation on K(t) is one of the following:
• The degree valuation v ∞ : for some n ∈ Z. We define v f (r) to be this integer n. Each of these valuations has value group Z. In general, the residue field of an f -adic valuation is a finite extension of K, specifically K[t]/(f ). In the particular situation where K = F alg p , this of course means that every f -adic valuation has residue field isomorphic to K. The degree valuation always has residue field isomorphic to K.
We will revisit this example in Section 3. Proof. (1) → (2): Fix a valuation v on K alg and a ∈ K alg with v(a) = 0. By assumption, vK is divisible. Since Kv is algebraically closed and (K alg )v is an algebraic extension of Kv, the residue fields must be equal, and so there exists b ∈ K with res(a) = res(b) as desired.
(2) → (3): Fix a valuation v on K alg and any a ∈ K alg . Since vK is divisible and v(K alg ) is its divisible hull, the two groups must be equal. 
Condition (4) above explains the origin of the name immediately algebraically closed. If one thinks of immediate extensions in terms of pseudo-convergent sequences (as in [Kap42] ), this tells us that an IAC field is "pseudo-dense" in its algebraic closure. Similarly, condition (3) can be interpreted to say that an IAC can approximate elements in the algebraic closure somewhat well. This leads us to the definition of VAC fields (repeated from the introduction), and the conjecture that IAC and VAC may be equivalent. Definition 2.6. We say that a field K is valuationally algebraically closed (VAC) if, for every non-trivial valuation v on K alg , K is dense in its algebraic closure with respect to v.
The following results follow immediately from the definitions of IAC and VAC.
Proposition 2.7. Suppose K is a field.
(1) Every algebraic extension of an IAC field is IAC.
(2) Every algebraic extension of a VAC field is VAC.
Proof.
(1) Let L/K be a algebraic extension with K an IAC field and fix a valuation v on L. Then Kv is algebraically closed and Lv is a finite extension of Kv; thus, Lv is algebraically closed. Similarly, vK is divisible and vL is a subgroup of the divisible hull of vK, so vL is also divisible. (2) Let L/K be a algebraic extension with K a VAC field and fix a valuation v on L. Since K ⊆ L and any a ∈ K alg = L alg can be approximated arbitrarily well in K, it can be approximated arbitrarily well in L. (3) Suppose K is VAC and fix a non-trivial valuation v on K alg . Then for every a ∈ K alg and γ ∈ v(K alg ), there exists b ∈ K with v(a − b) > γ. In particular, this holds for γ = v(a), and so by condition (3) of Proposition 2.5, K is IAC.
Another easy consequence of the definitions is the interaction between VAC fields and henselian valuations. Proof. Let v also denote its unique extension to K alg , and fix a ∈ K sep . Since K is VAC, there
This proposition shows two interesting things. One, the class of VAC fields is in this sense orthogonal to the class of henselian fields. Two, even though VAC is (on the surface) a topological property, it does have significant algebraic consequences.
Counterexample
Recall that a polynomial of the form X p −X −a with p = char(K) > 0 is called an Artin-Schreier polynomial and that a field extension L/K is called an Artin-Schreier extension if L is generated over K by the root of an Artin-Schreier polynomial over K. Note that Artin-Schreier extensions are always Galois: they are clearly separable, and if θ is the root of an Artin-Schreier polynomial, then the full set of roots is {θ, θ + 1, . . . , θ + p − 1}.
As observed previously, every VAC field is automatically IAC; we begin this section by showing that every VAC field is closed under certain Artin-Schreier extensions. These extensions are distinguished by their defect with respect to a particular valuation. Proof. Suppose L = K(θ) is an Artin-Schreier defect extension of (K, v); then there is a unique extension of v to L, which we also denote by v. By Lemma 2.30 of [Kuh10] , v(θ − c) < 0 for all c ∈ K, which means K is not dense in K(d). But K is dense in K alg , which means it must be dense in every algebraic extension of K; by contradiction, no such L can exist.
We will use this proposition along with the following fact to construct an example of a field that is IAC but not VAC. In particular, we construct an IAC field with an Artin-Schreier defect extension. Example 3.4. Let K be the algebraic closure of F p , the finite field with p elements. As observed in Example 2.3, the every non-trivial valuation on the field K(t) of rational functions over K is either the degree valuation v ∞ or an f -adic valuation for some irreducible f ∈ K[t].
Let θ ∈ K(t) alg be a root of the Artin-Schreier polynomial X p − X − t −1 and let v be any extension of v ∞ to K(t, θ).
. Then, rearranging the formula for defect, we have drf = 1; since all of these values are integers, r = 1, which means v ∞ extends uniquely from K(t) to K(t, θ).
By
As observed in Example 2.3, the residue field of K(t) with respect to any valuation is isomorphic to K. Since M is an algebraic extension of K(t), it follows that the residue field M v for any valuation v on M will also be isomorphic to K. Thus, M is immediately algebraically closed.
It remains to show that M is not valuationally algebraically closed. Fix any extension
, M and K(t, θ) are linearly disjoint, meaning any K(t)-linearly independent subset of K(t, θ) is also linearly independent over M . Then, following the argument in Example 4.21 of [Kuh10] , the fact that v ∞ extends uniquely from K(t) to K(t, θ) implies that v extends uniquely from M to M (θ). Since M is immediately algebraically closed, this extension of v to M (θ) must be a defect extension, and so by Proposition 3.2, M is not valuationally algebraically closed.
Algebraic Conditions
In this section, we provide sufficient algebraic conditions to deduce that an IAC field is VAC. The first two conditions use a similar argument based on the following result of Macintyre, McKenna, and van den Dries: Fix a ∈ K alg , and note that a ∈ ∆ γ for all γ > |v(a)|. Then, by Proposition 2.5(3), for all γ > |v(a)| there exists b γ ∈ K such that v γ (a − b γ ) > v γ (a) = 0. In other words, v(a − b γ ) > γ, and thus K is dense in (K alg , O).
We now split into cases based on the characteristic of K. On the other hand, if there is a maximal non-trivial valuation ring containing O, we may assume that this ring is equal to O since they induce the same topology on K alg . Then by [EP05, Proposition 2.3.5], v has rank 1, which means vK has no proper non-trivial ordered subgroups.
Let L be the completion of K with respect to v. As remarked on page 85 of [EP05] , the completion of every rank 1 valued field is henselian. Moreover, since K is IAC and L is an immediate extension of K, we get that Lv = Kv is algebraically closed and vL = vK is divisible. Lastly, L is perfect by Lemma 4.7 and closed under Artin-Schreier extensions by Lemma 4.8 of [Kuh10] .
Thus, we may apply Fact 4.1 to obtain that L is algebraically closed. Since K is dense in L, an algebraically closed field, it must also be dense in K alg . This holds for any choice of valuation v, so K is valuationally algebraically closed. Proof. Suppose K is NIP and immediately algebraically closed. By [KSW11] , every infinite NIP field is Artin-Schreier closed, so by the theorem, K is valuationally algebraically closed. The converse always holds by Proposition 2.7(3).
In general, it is unclear whether being Artin-Schreier closed is a necessary condition for an IAC field to be VAC. In light of Proposition 3.2, Artin-Schreier defect extensions certainly need to be avoided, but the existence of a VAC field with a defectless Artin-Schreier extension is currently an open problem.
Characteristic Zero.
Since an IAC field K of characteristic zero will have valuations of every possible residue characteristic, in order to apply Fact 4.1 we need to know that the multiplicative group is p-divisible for every prime p. But just like in the proof of Theorem 4.3, we don't want to apply Fact 4.1 to K itself, we want to apply it to the completion of K with respect to some valuation. We begin with a technical lemma that show that p-divisibility of the multiplicative group passes from an IAC field to its completion with respect to valuations of rank 1. Proof. Consider some extension of v to L alg which we will also denote v. Fix a ∈ L, b ∈ L alg with b p = a, and a primitive pth root of unity ω ∈ L alg . Since K is dense in L and vK = vL is archimedean, there exists a sequence (a n ) n∈N ∈ K with v(a − a n ) > pn for all n ∈ N. Moreover, since K × is divisible, for each n there exists b n ∈ K with (b n ) p = a n . We claim that there exists 0 ≤ k < p and an infinite subsequence of (
Consider the polynomial X p − a n . Since
and hence by the pigeonhole principle, v(b − ω ln b n ) > n for some 0 ≤ l n < p. Since ω p = 1 implies v(ω) = 0, we have
We can partition (b n ) n∈N into p subsequences based on k n ; at least one of those subsequences must be infinite, say the subsequence (b n : n ∈ N and k n = k). Then v(ω k b − b n ) > n for each b n in this subsequence, which means the subsequence converges to ω k b and hence If char(Lv) = 0 then by Ax-Kochen-Ershov, L must be algebraically closed. On the other hand, if char(Lv) = p > 0 then L × is p-divisible by Lemma 4.5, and hence L is algebraically closed by Fact 4.1. In either case, since K is dense in L, an algebraically closed field, it must also be dense in K alg , and hence K is VAC.
Unlike the positive characteristic case, we know that the assumptions in the above theorem are stronger than necessary. As observed by Hong in his thesis [Hon13] , every archimedean real closed field is VAC, but such fields clearly do not have 2-divisible multiplicative groups. We repeat the Hong's proof below in order to keep this exposition self-contained.
Proposition 4.7. Every archimedean real closed field R is valuationally algebraically closed.
Proof. Let C = R[i] be the algebraic closure of R, and fix a non-trivial valuation v on C. Let γ ∈ vC and a = x + yi ∈ C with x, y ∈ R; we want to find b ∈ R with v(a − b) > γ.
Recall that a valuation on an ordered field is called convex if v(x) > 0 implies |x| < 1 n for all n ∈ N. It follows easily that R cannot have a non-trivial convex valuation, since v(x) < 0 would imply |x| > n for all n ∈ N, contradicting the archimedean property of R. Thus, v is not a convex valuation, which means R must contain an element e with v(e) > 0 and e > 1.
Let c ∈ R be any element with c > 0 and v(c) > 2γ. Then, since R is archimedean, there exists n ∈ N such that e n c > y 2 . Thus there exists d such that (x − d) 2 = e n c − y 2 > 0, because R is real closed. Rearranging, this means that (x − d) 2 + y 2 = e n c, and hence
One of the valuations on the right must therefore be greater than γ. If v(x + iy − d) > γ then we may simply take b = d. Otherwise,
since x − iy = 2x − (x + iy) and v(z) = v(−z). In this case, we may take b = 2x − d ∈ R, completing the proof.
Hong's result can be very easily extended to show that for real closed fields, IAC is equivalent to VAC.
Theorem 4.8. Let R be a real closed field. Then the following are equivalent:
(
(1) → (2): This is precisely Proposition 4.7.
(2) → (3): This holds even without the assumption that R is real closed by Proposition 2.7(3).
(3) → (1): It is easy to check that the convex hull of Z in any ordered field is a valuation ring. By Proposition 2.2.4 of [EP05] , this valuation ring has a formally real residue field. Since R is IAC by assumption, this can only happen if the corresponding valuation is trivial. Then the convex hull of Z is all of R, which means R is archimedean.
Strongly IAC Fields
The previous sections focused on IAC and VAC fields as algebraic objects. In this section, we consider some basic model theoretic properties of these fields.
Throughout this section, we will consider fields in one of two languages. The first is L ring = {0, 1, +, −, ·}. The second is L div = L ring ∪ {|}, where | is a binary relation interpreted as x | y if and only if v(x) ≤ v(y) for some distinguished valuation v. When considering K as an L div structure, we write (K, v) or (K, O) to identify the distinguished valuation.
One curious difference between IAC and VAC is that the definition of IAC can be made without specifying any valuations on K alg , whereas VAC seems to require quantifying over all valuations of K alg , not just valuations of K. However, as we prove below, once a valuation v on K is fixed, either all extensions of v to K alg result in a dense embedding, or none do. A preprint containing an analogous result about ordered fields, developed independently, was recently posted to arXiv [KKL18, Theorem 4.2]. Proof. For each n, let σ n be the formula ∀y 0 , . . . , y n−1 ∃d ∀a ∃x 1 , . . . , x n φ n (ȳ, d, a,x), where φ n states that f (X) = X n + y n−1 X n−1 + . . . + y 0 is irreducible and either:
• f (X) is not separable, or
That is, φ n states that if f (X) is separable and d is chosen correctly then each x i approximates a distinct root of f (X). Let T be the union of the axioms for valued fields with {σ n : n ∈ N}. We claim that T is the desired axiomatization.
Suppose K is dense in its algebraic closure with respect to some extension of v to K alg and fix a separable polynomial f (X) = X n + y n−1 X n−1 + . . . + y 0 . Let {b 1 , . . . , b n } be the set of roots of f in K alg and choose d ∈ K and δ ∈ vK so that δ < v(
Since f (X) was arbitrarily chosen and σ n does not depend on the particular extension of v to K alg , we have (K, v) |= σ n for all n ∈ N, and hence (K, v) |= T .
Conversely, suppose K is not dense in (K alg , v) for some extension of v to K alg . By Theorem 11.74 of [Kuh11] , the separable closure K sep of K is dense in its perfect hull, which is of course K alg . Thus, since K is not dense in K alg , it cannot be dense in K sep . Fix an element b ∈ K sep such that sup{v(x − b) : x ∈ K} < ∞ and call this supremum γ.
Choose y 0 , . . . , y n−1 so that f (X) = X n + y n−1 X n−1 + . . . + y 0 is the minimal polynomial for b over K, any d ∈ K, and a ∈ K such that
(such an a exists because vK alg is the divisible hull of vK). Since b ∈ K sep , f (x) is separable; let b = b 1 , . . . , b n be the set of roots of f (x). We claim that there are no x 1 , . . . , x n such that (K, v) |= φ n (ȳ, d, a,x), and hence (K, v) |= σ n .
Suppose for contradiction that there are. Then
Thus, for each i there exists
Since this cannot occur for b η(i) = b 1 = b by choice of γ, by the pigeonhole principle there must be some i = j and k ≥ 2 such that Proof. Since T from the previous proposition depends only on (K, v) and not on the extension of v to K alg , K is dense in (K alg , v 1 ) if and only if (K, v) |= T if and only if K is dense in (K alg , v 2 ).
Discussing density in a first order way requires adding the valuation to the language, as in the proposition above. In general, IAC and VAC are not first order properties in the language of rings. For example, R is both IAC and VAC by Proposition 4.7, but the real closure of R(t) is non-archimedean, and hence neither IAC nor VAC by Theorem 4.8.
One way to interpret this is that R is only IAC because it is a small model of its theory. Similar issues arise with the definitions of minimality and P -minimality; there are small structures that are minimal, for example, but have elementary extensions that are not. We avoid cases like this in the same way as those classes:
Definition 5.3. We say that a field K is strongly IAC if every field elementarily equivalent to K (in the language of rings) is IAC.
As mentioned in the introduction, Krupiński has shown that every superrosy field of positive characteristic is IAC, and hence all such fields are strongly IAC. There are other classes of fields, including supersimple fields and stable fields, that we might hope are also all strongly IAC. This result appears easier to prove than the bolder conjectures that supersimple fields are PAC and stable fields are separably closed, and may be valuable as a step towards the full conjectures. Proof. Consider a chain K = K 0 K 1 . . . of elementary extensions K n = (K n , O n ) of K = (K, O) such that each K n+1 is |K n | + -saturated. Then K ′ = n K n is an elementary extension of K with valuation ring O ′ = n O n . Moreover, since for each n, K n contains a realization of the partial type π(x) = {v(x) > v(a) : a ∈ K n−1 }, there is a proper convex subgroup ∆ n < vK n which contains vK n−1 .
Suppose O ′ has a maximal proper overring O ′′ . Then there exists x ∈ K ′ such that for all y ∈ K ′ , there is n ∈ N such that v(y) < n · v(x). But if x ∈ K ′ then x ∈ K n for some n, and by assumption, there exists y ∈ K n+1 ⊆ K ′ such that v(y) > n · v(x) for all n ∈ N. Hence O ′ does not have a maximal proper overring, so Lemma 4.2 implies that (K ′ , O ′ ) is dense in its algebraic closure, and thus (K, O) is dense in K alg by elementary equivalence.
Corollary 5.5. Every strongly IAC field is VAC.
Proof. By the theorem, if K is strongly IAC then it is dense in its algebraic closure with respect to every valuation, and hence is VAC. Proof. If K is superrosy of positive characteristic, then so is every K ′ ≡ K. By [Kru15] , every such field is IAC. Thus K is strongly IAC, and so by the previous corollary, K is VAC.
